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(Dated: March 9, 2009)
I. SYNOPSIS
The Frobenius solution to the differential equation as-
sociated with the Harmonic Oscillator is carried out in
detail.
II. INTRODUCTION
The Harmonic Oscillator differential equation is (in di-
mensionless, i.e., textbook, form):
∂2ψ
∂z2
+ (ε− z2)ψ = 0
and with ψ = H(z)e−z
2/2 we obtain a new differential





+ (ε− 1)H(z) = 0








H(z) = a0 + a1z + a2z2 + · · ·+ anzn + · · ·








which leads to a solution of the form:
H(z) = a0
(
1 + (1− ε)z
2
2!
+ (1− ε)(5− ε)z
4
4!





z + (3− ε)z
3
3!
+ (3− ε)(7− ε)z
5
5!
+ · · ·
)
(2.2)
There are two separate and distinct solutions based on
whether a0 or a1 is chosen to be zero. In other words, we
have either an even or an odd solution. In either case, if
ε = 2n+ 1 where n is an integer, the series terminates.





as n grows large, so either series behaves as ez
2
. To see

































z3 + · · ·

























z2 + · · · (2.3)



































· · · (2.4)





















































z4 + · · · (2.5)
















































8z + 2z(2 + 4z2)
)
















8z + 2z(2 + (2z)2)
)








z6 + · · · (2.6)
At this point, it is getting complicated, and, in fact, if
some reader can show me a better typographical way of
showing the progression of terms which properly points
to the (2z)n terms dominating, I would greatly appreci-






























8z + 2z(2 + 4z2)
)












8z + 2z(2 + 4z2)
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8z + 2z(2 + 4z2)
)






z6 + · · · (2.8)
















12z4+· · ·+ 1
k!
2kzk+· · ·










which is the same as the 2n term for H(z).
This result implies that the power series for H(z)
would overpower the exponential decay term e−z
2/2 ap-
pended to H(z) to create ψ. Thus we would have an
un-normalizeable wave function, which is prohibited by
the rules.
We conclude that the infinite series can not be infinite,
i.e., it must be truncated to a polynomial.
Then we might have, for the even terms, (1 − ε) = 0
or (1 − ε)(5 − ε) = 0 or (1 − ε)(5 − ε)(9 − ε) = 0 etc.,
while for the odd terms, we might have (3 − ε) = 0 or
(3− ε)(7− ε) = 0 or (3− ε)(7− ε)(11− ε) = 0, etc..
This implies that 2n+1−ε = 0 with n = 0, 2, 4, 6, etc.,
3
on the even side, and n = 1, 3, 5, 7, etc., on the odd side,
would force the numerators (and all following terms) to
zero, thereby truncating the series into a polynomial.
Et Voila!
